The bending angle of light is a central quantity in the theory of gravitational lensing. We develop an analytical perturbation framework for calculating the bending angle of light rays lensed by a Schwarzschild black hole. Using a perturbation parameter given in terms of the gravitational radius of the black hole and the light ray's impact parameter, we determine an invariant series for the strong-deflection bending angle that extends beyond the standard logarithmic deflection term used in the literature. In the process, we discovered an improvement to the standard logarithmic deflection term. Our perturbation framework is also used to derive as a consistency check, the recently found weak deflection bending angle series. We also reformulate the latter series in terms of a more natural invariant perturbation parameter, one that smoothly transitions between the weak and strong deflection series. We then compare our invariant strong deflection bending-angle series with the numerically integrated exact formal bending angle expression, and find less than 1% discrepancy for light rays as far out as twice the critical impact parameter. The paper concludes by showing that the strong and weak deflection bending angle series together provide an approximation that is within 1% of the exact bending angle value for light rays traversing anywhere between the photon sphere and infinity.
Introduction
One of the early striking predictions of General Relativity is that the weak-deflection bending angle of star light grazing the Sun, in terms of m • = G M/c 2 , its gravitational radius and r 0 , the light ray's distance of closest approach is of the form
which at leading order is twice the value given by Newtonian gravity. Eddington's 1919 confirmation of the leading term in (1) was the first observation of gravitational lensing and brought Einstein's new gravitational theory instant scientific acclaim. Gravitational lensing in the weak-deflection limit has since been studied extensively, yielding numerous applications in astrophysics and cosmology (e.g., [1] [2] [3] ). In addition, over the past 2 years weak-deflection lensing has been employed to create tests accessible to current or near-future instruments, of gravity theories such as PPN models and 5-dimensional, string-theory inspired, braneworld gravity ([4-6] ). In [4], the first-order weak deflection formula (1) was also extended to all orders in m • /r 0 and re-expressed as an invariant perturbation series (since r 0 is a coordinate dependent quantity [7, 8] ). Interested readers may also find a recent analysis in [9] of the weak deflection limit. In recent years, however, the exciting promise of planned space-borne black hole imaging instruments has ignited research activity in the analytical study of lensing in the strong-deflection regime (e.g, [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] ).
For a Schwarzschild black hole of physical mass M, the spacetime geometry in the vicinity of the photon sphere at radius r = 3m • , is revealed through the resulting strong-deflection gravitational lensing. In 1959, Darwin [22] computed the first-order term of the bending angle of light traversing deep inside the black hole's potentiali.e., close to the photon sphere:
He also showed analytically that near the photon sphere there are two families of relativistic images, which are images determined by light rays that loop around the photon sphere at least once before reaching the observer. Other authors have confirmed this strong-deflection multi-looping lensing effect (e.g., Atkinson [23], Luminet [24] , Chandrasekhar [25], Ohanian [26] , several recent authors [10] [11] [12] [13] [14] [15] ). These studies were based on evaluating the lowest-order term (out from the photon sphere) of the light ray's strong-deflection bending angle. Equation (2) is the well-known leading logarithmic deflection term.
In this paper, we develop a perturbative framework that allows us to generalize Darwin's strong deflection result (2) in terms of where h = 1 − (3m • )/r 0 to any order in h . Surprisingly, we also found that the leading logarithmic deflection term employed in the literature can be improved. Earlier studies (e.g., [22, p. 188] , [25, p. 132]) arrived at the leading logarithmic expression by a perturbation scheme that seems to
